Nomenclature
C w = matrix of direction cosines between (x w , y w , z w ) and (x f , y f , z f ) C f = matrix of direction cosines between (x f , y f , z f ) and (X E , Y E , Z E ) C e = matrix of direction cosines between (x e , y e , z e ) and (x f , y f , z f ) C uw , C ψw = damping matrices for the bending and torsion of the wing E I, GJ = bending and torsion stiffness, N·m 2 E f = matrix relating Eulerian velocities to angular quasi-velocities f f , f w , f e = distributed forces on fuselage, wing and empennage F, M = generalized resultant forces and moments, N, N·m F uw , F αw = Ratleigh's dissipation function densities G = control effectiveness matrix J = inertia matrix for the deformed aircraft K uw , K ψw = stiffness matrices for the bending and torsion of the wing L = Lagrangian for the aircraft L, H = matrices of stiffness differential operators for the wing M = system mass matrix M r = wing root bending moment, N·m n z = vertical load, g p V f , p ω f , p uw , p ψw = momentum vectors for aircraft translation, rotation, bending, and torsion q, ξ = vectors of generalized coordinates for the bending and torsion r w , r f , r e = nominal position vector of a point on the wing, fuselage, and tail, m r f w = radius vector from O f to O w , m r f e = radius vector from O f to O e , m R f = position vector of the origin of (x f , y f , z f ) relative to (X E , Y E , Z E ), m s, η = vectors of generalized coordinates for the bending and torsion velocities S = matrix of the first moments of inertia of the deformed aircraft T, V = kinetic, potential energy of the aircraft u w , ψ w = bending and torsion displacements of the wing, m, rad U,Ψ = resultant of force and moment density vectors v w , α w = bending and torsion velocities of the wing, m/s, rad/s V f = translational velocity vectors of (x f , y f , z f ), m/s x r m = state reference vector x r , x e = rigid and elastic states vector θ f = Euler angles vector, rad ω f = angular velocity vector of (x f , y f , z f ), rad/s v w ,v f ,v e = velocity of an arbitrary mass element on the wing, fuselage, and tail, m/s Φ, Ψ = shape function matrices of the bending and torsion δ = control vector ν = virtual control vector ∆u = incremental control input ∆x = incremental state variation vector
I. Introduction
W enjoying the aerodynamic benefits provided by light-weight composite materials, aircraft designers are facing the challenges of the accompanying greater structural flexibility. As the structural flexibility increases, not only the interactions between aerodynamics and structural vibration dynamics become significant, which are within the category of aeroelasticity discipline, the coupling effects between rigid-body dynamics and structural vibration dynamics are also non-negligible.
In order to capture these interactions, a multidisciplinary modeling framework integrating nonlinear flight dynamics, aerodynamics and structural vibration dynamics is required. The mean axes method was introduced by Schmidt et al. [1] to avoid the inertia couplings between rigid-body motions and structural vibrations, resulting in classical flight dynamic equations augmented with a series of second-order linear 
II. Flexible Aircraft and Gust Models
A. Flexible Aircraft EQM The flexible aircraft modeled here is a simplified form of the model given in [2] , only the right and left wings are assumed to be flexible, undergoing bending and torsion deformations, modeled as cantilever beams. The remaining components, namely fuselage and empennage (horizontal and vertical tails) are assumed to be rigid. A set of body-fixed axes (x i , y i , z i ), i = f , w, e are attached to the undeformed aircraft as shown by Fig. 1 . Generic Lagrangian equations of motion in quasi-coordinates are given in Eq. (1) [2] .
In Eq. (1), L = T − V represents the Lagrangian energy for the whole aircraft. V f and ω f represent the (x f , y f , z f ) axes translational and rotational velocities, while R f and θ f indicate the position and Euler angles of the (x f , y f , z f ) axes relative to (X E , Y E , Z E ). F and M are the total forces and moments, whilê U andΨ are the resultant of force and moment density vectors. C f (φ, θ, ψ) is the rotation transformation matrix from inertial axes (X E , Y E , Z E ) to (x f , y f , z f ), and the E(φ, θ) matrix links angular velocities ω f to Eulerian velocities θ f . Bold mark indicates a vector. (·) indicates the volume density of energy terms and (·) refers to the skew-symmetric matrix of a vector. L and H are matrices of stiffness differential operators, with F uw and F αw represent the Ratleigh's dissipation function densities. u w and v w = u w represent elastic bending displacement and velocity vectors, while ψ w and α w = ψ w represent elastic torsion angle and angular velocity vectors. Galerkin method is used to discretize the flexible displacements in modal form as
where Φ(r w ) and Ψ(r w ) are bending and torsion shape function matrices respectively. r f w and r f e represent relative distances of component axes. C w and C e refer to the coordinates transformation matrices. The velocities of an infinitesimal mass element dm on the wingv w , the fuselagev f and the tailv e can be expressed asv
Using Eq. (3), the total kinetic energy of the aircraft is
M is the system mass matrix varies with deformations given as
withS represents the matrix of first moment of area, and J represents moment of inertia of the deformed aircraft defined as
The linear momentum of the aircraft
For the model in present paper, potential energy is purely due to wing deformation strain energy, which can be expressed as
with E I and GJ refer to the bending and torsion stiffness. Assume structural damping matrices C uw , C ψw are proportional to K uw , K ψw respectively. Substituting Eqs. (2, 4, 7, 8) into Eq. (1), the system dynamics can be expressed in discrete form as [2] 
where
w dm w includes Coriolis and centrifugal forces of the wing. δ = [δ a s , δ a a , δ e , δ r , δ p ] T is the control vector, with δ a s , δ a a represent the symmetric and asymmetric aileron deflection commands, and δ e , δ r , δ p denote the elevator, rudder, and throttle control command respectively. w g indicates the spacial turbulence field, which is a function of the aircraft position. The first two equations are referred to as the kinematic equations. The rest of equations are translational, rotational, bending and torsion dynamic equations respectively.
The generalized forces on the right-hand side can be obtained by means of virtual work, which are listed here for completeness [2] .
f f , f w , f e in Eq. (10) are distributed forces acting on fuselage, wing and empennage, which contain the aerodynamic, gravitational and control forces. The aerodynamic forces are calculated based on quasi-steady strip theory, and the local airspeed on each strip is perturbed by motions and gusts. δ represents the Dirac delta function. F E indicates the thrust and r E represents the engine position.
The main feature of the modeling approach in [2] is that the flight dynamics and structural vibration dynamics are coupled both inertially and aerodynamically. The aerodynamic couplings can be seen from the right-hand side of Eq. (9) where the generalized forces F, M, Q, Θ are functions of both the rigid-body and elastic states. The inertial couplings reflect on Eq. (5), where the off-diagonal blocks of the mass matrix M er , M r e are non-zero. Also, in the rigid-body mass matrix M rr ,S and J are functions of deformations as shown in Eq. (6) . These inertial coupling effects can be considerable for highly flexible aircraft.
B. Gust and Turbulence Model
Two methods are often used to model the atmospheric disturbances, namely stochastic continuous turbulence and the deterministic discrete gust. The continuous turbulence is often simplified into stationary, homogeneous, isotropic stochastic process with Gaussian distribution. The power spectral density (PSD) of the two commonly used turbulence models, Dryden and von Kármán models are respectively given by [16]
where ω is the circular frequency, L g is the turbulence scale length, σ is the turbulence intensity, constant a = 1.339, and V is the aircraft speed. While von Kármán model better fits available experimental and theoretical data especially in high frequency range [17] , its irrational spectra requires approximate difference equations to generate turbulence velocities in the time domain. As an alternative, the von Kármán spectrum can be realized in the spatial domain [13] . In this paper, the external disturbances are assumed to be symmetrical to the aircraft (O f , x f , y f ) plane, while the turbulence velocities vary along the wing span. For example, a realization of the 2D symmetrical von Kármán moderate turbulence field with L g = 762 m and σ = 1.5 m/s is shown in Fig. 2 . The rational spectra of Dryden model allows it to be realized in the time domain by passing a white noise through a filter given by Eq. (12) . This filter will be used in the state estimation process.
The "1-cos" gust model can more precisely capture the solitary gust feature compared to sharp-edged and ramped gust models. A "1-cos" gust is defined as Eq. (13) and can be broadened into symmetric w g s and asymmetric w g a gust field as described by Eq. (14) .
where w m represents the maximum gust velocity and λ x , λ y refer to the gust lengths in X E , Y E directions. An example of variant symmetric gust field is given in Fig. 3 , in which the parameters of the first gust peak w g 1 is λ x 1 = λ y 1 = 100 m, w m 1 = 5 m/s and of the second gust peak w g 2 is λ x 2 = λ y 2 = 180 m, w m 2 = 5 m/s. During simulations, the flexible aircraft is flying through 2D spatial turbulence and gust fields gradually. Since the gust induced velocities are different for each strip, the gust penetration effect is naturally captured.
III. INDI Control of the Flexible Aircraft

A. INDI GLA Control Law
The Incremental Nonlinear Dynamic Inversion (INDI) is a nonlinear control method, which improves the robust performance of the closed-loop system by making full use of sensor measurements. Expand the generalized nonlinear system dynamic equation into the first order Taylor series expansion around the current states and control inputs (denoted by subscript 0) to obtain an incremental form as
For rigid aircraft flight control problems, the state variation ∆x related terms and the higher-order linearization error O(∆x 2 , ∆u 2 ) in Eq. (15) can be omitted based on the time scale separation principle [11] [12] [13] [14] [15] . For rigid aircraft, this principle means that the control surface deflections directly change the aerodynamic forces and moments, leading to the variations of angular and linear accelerations as direct effects. Following this, the changes in sates will gradually accumulate over time. Hence, when the sampling frequency is high, the state variation related terms are negligible. Define the control effectiveness matrix as G = ∂g ∂u 0 , the incremental control input is calculated by inverting Eq. (15) as ∆u = G −1 (ν − x 0 ). ν is the virtual control (or pseudo-control), which can be designed by the outer-loop linear controllers [11] [12] [13] [14] [15] . The main feature of INDI control is its inherent robustness to model uncertainties. The incremental control law is independent of the model information of f (x), and the major part of model dynamics can be reflected by sensor measurements x 0 , x 0 . The robustness of this controller for rigid aircraft applications has been demonstrated in [11] [12] [13] [14] [15] .
In this section, the INDI GLA control law will be designed for flexible aircraft. The external disturbances (e.g. turbulence and gust) are viewed as perturbations to the nominal system, and will be considered in the pseudo-control design. For the nominal system without perturbation, define the rigid-body states as
and the elastic states as
Expand the dynamic part of Eq. (9) into the incremental form and omit the higher-order terms as
In the above equations, the control vector is given as u = [δ a s , δ a a , δ e , δ r ] T . Since the throttle δ p has low bandwidth, it is omitted from the INDI control loop. Throttle δ p command is given by a separate proportional-integral controller to retain airspeed.
Eq. (16) can be simplified based on the time scale separation principle [11, 12, 15] . This principle for flexible aircraft can be redefined as: The control surface deflections will directly change the generalized forces F, M, Q, Θ, leading to the changes of angular, linear, elastic accelerations as direct effects. The variations of the elastic deformation velocities and deformations are at comparable time scale. Nonetheless, the dynamics of the rigid-body states
T have larger time scale, so the variations of x r can only gradually accumulate over time. In other words, when the sampling frequency is high, in one incremental time step, the ∆x r related terms can be neglected.
Because the off-diagonal elements of the mass matrix are relatively small, when the aircraft experiencing moderate maneuvers, the partial derivatives of the nonlinear terms in the translational and rotational equations with respect to x e can also be omitted in ∆t.
The partial derivatives of the Coriolis and centrifugal forces with respect to x e and x e are ∂(
The influences of these terms on bending deformations are negligible for small dihedral wing aircraft experiencing moderate maneuvers. For simplicity, the incremental terms in the translational, rotational, bending and torsion dynamic equations are respectively denoted by K, W, U, Y, whose values will be numerically compared term by term in the Sec. IV. Based on the above analyses, in one incremental time step, the K r , W r , U r , Y r terms can be eliminated. Eq. (16) can then be simplified into the following form 
where I and 0 are identity matrix and zero matrix. In view of Eq. (18), the partial derivatives of the generalized forces with respect to x e and x e contribute to aerodynamic stiffness and damping respectively. Besides, the control surface deflections directly lead to acceleration variations. The state vector is defined as
T for the convenience of the virtual control design. Velocities and deformations can also be used as states as
. Recall Eq. (18), the system dynamic equation can be written as
The above equation is different from the incremental dynamic equation for rigid aircraft [11] [12] [13] [14] [15] since ∆x related term still remains. Denote A e (ΓM −1 s )| 0 , B e Υ| 0 , Eq. (18) is rewritten as
The main control aim of this paper is load alleviation, so a reference model is designed to generate references for the states and state derivatives for load control purposes. Loads are caused by external forces and moments, and are perturbed by atmospheric disturbances. The strategy of this controller is to use control surface deflections to compensate for the load variations, so that the total forces and moments are retained at their nominal values F * , M * , Q * , Θ * . Expand the total force as the nominal force F * , the forces variations due to aerodynamic uncertainties ∆F a , caused by atmospheric disturbances ∆F d , and generated by control inputs ∆F c as
The moment M, and generalized elastic forces Q and Θ can also be expanded in this form. In order to retain the forces and moments at their nominal values, the desired forces generated by the control surfaces should be
Recall Eq. (9), in order to satisfy the above equations, the virtual control
can be designed as
If the nominal condition is steady level flight, then F * = M * = s * = η * = 0. The nominal condition can also be constant speed climb and decent, level turn, etc. The desired q, ξ are all equal to zero. The reference for states are obtained by integrating the virtual control as
A proportional virtual control term ν p is added to minimize the reference tracking errors as
where K p is a positive definite diagonal matrix. The incremental control input is designed by replacing x and x in Eq. (20) by their desired values ν and x r m , and then inverting Eq. (20) as
For the reason that the number of control variable is less than the number of states, the weighted least squares method is used in the present INDI control law. The weighting matrix W is chosen as a positive definite diagonal matrix, and can be tuned based on the control priority. The complete INDI GLA control law structure is illustrated by Fig. 4 , where A(s) and A p (s) represent the actuator dynamics of the control surfaces and throttle respectively. T and V f can be obtained from integrated inertial navigation system. Angular accelerations can be measured directly by angular accelerometers, numerically differentiated from gyro measurements [15] , predicted by a linear predictive filter [11] , etc.
The aeroelastic state vector x e = [q T ξ T ] T is generally not accessible, but can be estimated using an observer, which is a standard control practice. Nine accelerometers are placed on the flexible aircraft to capture the wing bending and torsion motions. One accelerometer is installed on the c.g. and four accelerometers are placed on each wing as shown by the red dots in Fig. 1 . At each wing, the accelerometers are placed in pairs at the mid-span and the wing tip. For each pair, one accelerometer is placed in front of the elastic axis, and the other one is behind, so that the torsion movements can be observed. The wing accelerometer outputs can be modeled by considering an infinitesimal mass element dm on the wing, whose absolute acceleration can be calculated by differentiating Eq. (3) as
Eq. (27) gives the accelerometer measurements. The system output equation can be written in the form of y = h(x) + v, where v is the measurement noise.
The Extended Kalman Filter (EKF) and Unscented Kalman Filter (UKF) are widely used for state estimation of nonlinear systems, which however require high computational power. In view of that the INDI control is able to retain the state near the equilibrium point, the linearization error is small for the closed-loop system. As a result, the linear Kalman Filter (KF) is a reasonable and efficient observer for online state estimations. The linearized system dynamics can be written as
The process noise [w T r w T e ] T contains the model errors and external disturbances. For GLA problems, it is common to augment linear system models with Dryden turbulence model as a prior knowledge of the process noise [6, 18] . In reality, however, the turbulence spectrum is unpredictable. In order to get a satisfactory state estimation while making the controller be capable of handling a broad range of disturbances, the Dryden model is augmented into the system model with parametric uncertainties. These uncertain parameters can be modeled as random walks and estimated online. Recalling Eq. (12), the state-space realization of the Dryden spectrum can be given by
where n is Gaussian white noise. Regarding the linear model used for state estimation purposes, the gust penetration effect is roughly modeled as a time shift ς from the wing to the tail, and the gust velocities are assumed to be unified on the wing w g w and the tail w g H . In other words, w g H = e −ςs w g w . The pure time delay e −ςs is approximated using the fifth order Padé approximation in the Laplace domain, and can be realized in the time domain as
where d represents the aircraft and turbulence model errors. Since the rigid states x r can be measured, they are treated as inputs to the elastic state estimation equation. In summary, the integrated linear model for Kalman filter estimation is written as
This linear model can be written in the form of
The observability matrix of this system is give by
For the present aircraft model, O Γ is of full rank, which indicates this augmented system is fully observable. Eq. (32) can then be used for Kalman filter online estimation. The measurement noise covariance matrix is R k f = E {vv T }, and is set based on the realistic noise values for the accelerometers.
The process noise covariance matrix is chosen as 
IV. Simulation Results
The fully flexible aircraft model in [2] is simplified into a flexible-wing aircraft model in the present paper. The first two eigenfunctions of uniform cantilever beam and uniform clamped-free shaft are used as bending shape functions Φ(r w ) and torsion shape functions Ψ(r w ) respectively. The geometry parameters, lumped form inertia properties, and local aerodynamic coefficients all adopt data from [2] .
The sampling frequency of simulations is f s = 1000 Hz. The throttle dynamics is model as a first order system with bandwidth 6 rad/s. All the control surface actuator dynamics are modeled as first order systems with transfer function A(s) = 
A. Flexible-Wing Aircraft Trimming
This flexible-wing aircraft model can be degraded into a quasi-rigid aircraft model [13] , namely all the elastic deformations and deformation velocities are zero. This quasi-rigid aircraft model is compared with the present flexible aircraft model to indicate the couplings between structural and flight dynamics. Both the flexible aircraft and quasi-rigid aircraft are trimmed at steady level flight condition, with H * = 25000 ft, V E * = 127 m/s, Ma * = 0.41. The steady level flight trim constrains are given by
In view of the symmetric character of the steady level flight condition, asymmetric states and control inputs are automatically set to be zero. The trim solution is calculated by numerically iterating Eq. (9) until Eq. (33) is satisfied. The thrust F E * , angle of attack α * , elevator deflection δ e * , and generalized coordinates q * , ξ * in trim condition are given by Table 1 . Since the wing elastic axis is modeled to be consistent with the unswept wing beam in this model, the bending and torsion modes are decoupled. In trim condition, the wing is bending upwards with nose-up torsion angle. The required angle of attack is smaller for the flexible aircraft as compared to the quasi-rigid aircraft because of the nose-up twist. Fig. 5 shows the eigenvalues of both the flexible and quasi-rigid aircraft. It can be seen from the figure that except four zero poles (for X E , Y E , Z E , ψ), the interactions between rigid and flexible dynamics make the rigid mode poles of the flexible aircraft deviate from the poles of the quasi-rigid aircraft. 
B. Validation of the Time Scale Separation Principle
In Eq. (18), K r , W r , U r , Y r terms are omitted for controller design. The ∆x r related terms are eliminated based on the physically explained time scale separation principle. For moderate maneuvers, the partial derivatives of the nonlinear cross coupling terms, the Coriolis and centrifugal forces with respect to x e and x e can also be neglected. The term values in Eq. (16) will be numerically compared in this section.
The current condition (denoted by subscript 0) is taken as the trim point, and can be generalized into arbitrary time point during simulations. 1 • step elevator δ e , rudder δ r , symmetric δ a s and asymmetric δ a a aileron deflection commands are given to the aircraft separately. In one incremental time step ∆t = 0.001 s, the norm value of the terms are shown in Fig. 6 . For simplicity, only the translational P V f , rotational P ω f , right wing vibrations P uwr and P ψwr are shown in the figure, and the left wing vibrations are exactly symmetrical or asymmetrical to the right. It can be seen from Fig. 6 , the elevator (δ e blue circles) and rudder (δ r red cross) deflections directly lead to translational and rotational acceleration variations, because K u and W u are at least 2.5 orders of magnitude larger than K r , K e , K de , W r , W e , W de . δ e and δ a do not influence the generalized elastic forces Q and Θ directly, so that U u = Y u = 0. Even so, the elevator and rudder deflections indirectly excite bending and torsion motions due to coupling effects, as
The symmetric aileron (δ a s green asterisks) deflections directly lead to vertical translational ( K u ), bending ( U u ) and torsion ( Y u ) accelerations, as well as small pitching accelerations ( W u ). The variations of x e and x e related terms are about 1.8, 0.5, 1.8 orders of magnitude smaller than u related terms in the translational, rotational, bending equations respectively. The torsion motion is in comparable time scale with acceleration variations, because of its higher frequency. This can be seen by comparing Y ξ with Y u . Overall, under δ a s deflections, K r , W r , U r , Y r are at least 2.5 orders of magnitude smaller than the remaining terms.
The term values under asymmetric aileron (δ a a purple diamonds) excitation show similar characters as under δ a s excitation. Namely the x e and x e related terms have comparable variations as compared to u related terms, while K r , W r , U r , Y r are at least 2 orders of magnitude smaller than the remaining terms.
The above simulation further verified the physically explained time scale separation principle for flexible aircraft.
C. State Estimation Results
The linear system model given by Eq. (32) is used to estimate the elastic states x e and x e while the flexible aircraft is flying through a 2D symmetrical von Kámán turbulence field (Fig. 2) . The parameters of the turbulence field are L g = 762 m, σ = 1.5 m/s. The measurement noise v is modeled as white noise with standard deviation 0.03 m/s 2 . The turbulence parameters used in the Dryden model are L g = 800 m, σ = 1.8 m/s, which are chosen to be different from the actual turbulence field in order to model the turbulence model parametric uncertainties. As mentioned in Sec. III, these uncertain parameters can be modeled as random walk and estimated online. In this research, by tuning the process noise covariance matrix Q k f , the Kalman filter already shows satisfactory results without directly estimating these uncertain parameters. There are several ways of estimating the deformation accelerations x e = [ s T η T ] T . x e can be reconstructed from accelerometer measurements, this method however is sensitive to the structural vibrations. x e can also be obtained by passing x e through the following washout filter [19] :
with the estimation results shown in Fig. 11 . 
D. INDI GLA Simulation Results
In this section, the INDI GLA control law derived in Sec. III is applied on a flexible aircraft model flying through both a continuous turbulence field (Fig. 2) and discrete gust field (Fig. 3) to demonstrate its feasibility. Two major performance metrics are chosen as the deviation of vertical load and wing root bending moment from their trim values expressed as
Figs. 12-15, illustrate the dynamic responses of the flexible aircraft flying through a von Kármán turbulence field (Fig. 2) , in which "Open-loop" means responses without control. "INDI" means the closed-loop responses of the system under INDI GLA control, where the states x and their derivatives x are assumed to be available. "INDI+KF" refers to the closed-loop system responses, in which the estimatedx and x are used by the controller. The RMS value as well as the peaks of ∆n z and ∆M r are summarized in Table 2 . It can be seen from Fig. 12 and Table 2 that the proposed INDI GLA controller effectively alleviated both the vertical load and the wing root bending moment. Since the state estimation is satisfactory, the closed-loop responses using estimatedx and x only have negligible deteriorations as compared to the ideal case where the real x and x are used. Fig. 13 shows the generalized elastic displacement responses, namely the first bending q r 1 , second bending q r 2 , and the first and second torsion ξ r 1 and ξ r 2 modes of the right wing. For this flexible aircraft configuration, only one set of aileron is available on the wing, which aims at wing bending and torsion modes suppression, vertical load control and roll rate control at the same time. However, according to the controllability analysis, this configuration is unable to achieve a decoupled control of all its missions. For example, in the presence of upwash gust, the wing lift increases, which results in load increment, upward bending and nose-up torsion of the wing as can be seen in Figs. 16-17 . The symmetric up deflection of ailerons would alleviate the wing load and bending deformation, but would degrade the torsion deformation because the aerodynamic center of the aileron is behind the wing elastic axis. Since the torsion stiffness is normally larger than the bending stiffness, the vertical load and bending modes are weighted heavier in Eq. (26). As shown in Fig. 13 , the bending modes of the flexible wing have been successfully suppressed, while the torsion deformations have reasonable increments. There are a couple of ways to improve the torsion responses. The fundamental solution would be adding control surfaces (e.g. inboard ailerons, flaperons, spoilers, etc.) to achieve a synergetic control with the outboard ailerons. Novel control surfaces like Variable Camber Continuous Trailing Edge Flap (VCCTEF) [20] are beneficial for elastic wing controls. Stiffening the wing box or increasing the control weights of the torsion motion are also possible approaches.
The pitch motions and velocity variations are also suppressed as shown in Fig. 14 . The control inputs are illustrated in Fig. 15 , the left aileron deflections δ al is the same as the right δ ar in the symmetric turbulence field. The dynamic responses of the flexible aircraft in a symmetric "1-cos" gust field (Fig. 3) are illustrated in Figs. 16-18. As shown in Fig. 16 and Table 3 . The vertical load and wing root bending moment have been alleviated by over 35% and 86% respectively. In the presence of upwash gusts, the ailerons deflect upward symmetrically to alleviate the wing load as shown in Fig. 19 . Thrust and elevator are used to control the velocity and pitch motion as can be seen in Figs. 18-19 . The generalized elastic displacements and wing tip deflections (Fig. 17) show analogous responses to the responses under turbulence excitation, namely the bending modes have been suppressed while the torsion motions have acceptable increments. 
E. Robustness Analysis
Based on the derivations in Sec. III, it can be seen this INDI GLA controller is designed via a sensor-based approach, namely part of the dynamic model has been replaced by sensor measurements, which improves the robustness of this controller to aerodynamic model uncertainties. The linear proportional virtual control term ν p also contributes to enhancing the robustness [21] . According to Eq. (26), the only model information required by this controller is the value of A e and B e matrices, namely the aerodynamic forces related to elastic states and control inputs. Since x is continuously differentiable, lim ∆t→0 ∆x = 0. As a result, recall Eq. (20) , the influences of model uncertainties in A e matrix can be diminished by increasing the sampling frequency. The robustness of this controller will be tested numerically in this section.
The current aerodynamic model of the flexible aircraft is based on strip theory. The aircraft model contains k components, namely the fuselage ( f u), engine pylon (p), wing (w), horizontal tail (ht), vertical tail (vt), elevator (ele), ailerons (ail), and rudder (ru). Each aircraft component is divided into n k strips and the corresponding local lift coefficients are given at one preselected trim point [2] . In reality, the aerodynamics of flexible aircraft are uncertain and time varying. Therefore, the model is augmented by lift coefficient uncertainties ∆C L α k for robustness analyses. First, different components are perturbed separately, and the uncertainties are set to be proportional to the nominal lift coefficients C L α k * as expressed by
Since this paper deals with symmetric disturbance rejection, the uncertainties are added into the wing (w), After perturbing different components separately, a Monte-Carlo simulation containing 1000 uncertain aerodynamic models is conducted to test the robustness of this controller to random combinations of aerodynamic model uncertainties, modeled by
For each component k, the mean value of uncertainty is zero and the standard deviation σ k is chosen as ρ k times the nominal lift coefficient value of this component. The perturbation range is chosen as ρ ele = ρ ail = ρ hv = 0.3, ρ w = 0.1, ρ f u = ρ p = ρ vt = ρ ru = 0. in this simulation.
As shown in 
V. Conclusions
In this paper, an Incremental Nonlinear Dynamic Inversion (INDI) gust load alleviation (GLA) control law is designed for a flexible aircraft. A flexible aircraft model that encompasses both inertia and aerodynamic coupling effects between rigid-body dynamics and elastic vibration dynamics is presented. This flexible aircraft model is compare with a quasi-rigid aircraft model from the perspective of the trim and eigenvalue solutions. The coupling effects lead to different trim solutions for these two models and also distinguish the rigid-body modes of the flexible aircraft from the quasi-rigid aircraft modes.
The time scale separation principle for the flexible aircraft is redefined and verified numerically. Based on this principle, an incremental dynamic equation is derived for the original nonlinear system. The INDI GLA control law aims at load alleviation is then designed for the flexible aircraft. Besides, using the Kalman filter, the elastic deformations and deformation velocities are observed from accelerometer measurements. The fifth order Padé approximation is adopted to model the pure time delay in the state estimation.
Furthermore, time domain simulations of a flexible aircraft flying through various 2D spatial turbulence and gust fields verify the proposed INDI GLA controller can effectively suppress the rigid-body modes, alleviate the vertical load, reduce the wing root bending moment, and suppress the wing bending modes. Since this flexible aircraft configuration only has a pair of control surfaces on the wing, trade-offs need to be made between different control objectives. The performance of the present controller can be further enhanced if more control surfaces are available on the wing.
In addition, various perturbation tests and a Monte-Carlo simulation demonstrate the robustness of the proposed controller to aerodynamic model uncertainties. A wide range of control surface model mismatches can be tolerated by the controller without using any additional fault-tolerant control technique. This INDI GLA controller is also promising for maneuver load alleviation problems, even in the presence of loss of control effectiveness.
